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We obtain a gauge-invariant relativistic quantum geometry by using a Weylian-like manifold 
with a geometric scalar field which provides a gauge-invariant relativistic quantum theory in which 
the algebra of the Weylian-like field depends on observers. An example for a Reissner-Nordstrom 
black-hole is studied. 


I. INTRODUCTION 

The study of geometrodynamics was introduced by Wheeler in the 50’s decade in order to describe particle as 
geometrical topolorical defects in a relativistic framework[l|, and, in the last years has becoming a very intensive 
subject of researchpj. In the last decades Loop Quantum Grav^ (LQG) have provided a picture of the quantum 
geometry of space, thanks in part to the theory of spin networks [3|. The concept of spin foam is intended to serve as 
a similar picture for the quantum geometry of spacetime. LQG is a theory that attempts to describe the quantum 
properties of the universe and gravity. In LQG the space can be viewed as an extremely fine favric of finite loops. 
These networks of loops are called spin networks. The evolution of a spin network over time is called a spin foam. The 
more traditional approach to LQG is the canonical LQG, and there is a newer approach called covariant LQG, more 
commonly called spin foam theory. However, at the present time, it is not possible to realize a consistent quantum 
gravity theory which leads to the unification of gravitation with the other forces. One of the problems relies in 
the impossibility of constructing a non-perturbative gauge-invariant formalism which can describe intense quantised 
gravitational fields. This will be the subject of this letter, but using a new kind of connections that do not preserve 
the norm of the vectors. Therefore, we shall call these manifolds as Weylian-like. Other remarkable characteristic of 
these manifolds is, as in Weylian manifolds, that the variation of the tensor metric is nonzero. To do it we shall define 
a geometrical scalar field a that drives a geometrical displacement from a Riemannian manifold (on which we define 
the background), to a Weylian-like manifold where we represent the dynamics of the quantum geometry. 

In the following issues of this section we shall revise the procedure for the minimization of the EH action, without 
making emphasis on the structure of the manifolds, but in the gauge transformations of vector and tensor fields. In 
Sect. H we shall construct a quantum description for spacetime in a new Weylian-like manifold, here introduced. In 
Sect. HI, we shall study the example of a Reissner-Nordstrom black-hole, and we shall made some remarks on the 
quantum geometrical structure of a Schwarzschild black-hole. Finally, in Sect. IV we shall include some remarks. 


A. Variation of EH action 


It is known that in the event that a manifold has a bounda^ dM ., the action should be supplemented by a boundary 
term so that the variational principle to be well-defined[3, 0- However, this is not the only manner to study this 
problem. As was recently demonstrated^, there is another way to include the flux around a hypersurface that 
encloses a physical source without the inclusion of another term in the Einstein-Hilbert (EH) action, but by making 
a constraint on the first variation of the EH action. En that paper was demonstrated that the non-zero flux of the 
vector metric fluctuations through the closed 3D Gaussian-like hypersurface, is responsible for the gauge-invariance 
of gravitational waves. 

To see it, we consider the problem of a EH action I, which describes gravitation and matter 


I = y ct^x 




( 1 ) 


The first term in o is the Einstein-Hilbert action and k = SttG. Here, g is the determinant of the covariant 
background tensor metric R = g^'^Rfu, is the scalar curvature, covariant Ricci tensor and Cm 
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is an arbitrary Lagrangian density which describes matter. If we deal with an orthogonal base, the curvature tensor 
will be written in terms of the connections: ~ 

The first variation of the action is 

61 = J + kT^p) + g^^^SR^p] , ( 2 ) 

with g°‘^6Rap = V„5IT“, where (5IT“ = STp^g^"^ — = 5^’^V“i5'I',g.^Q. When we deal with a manifold M 

which has a boundary DM, the action ([1]) should be supplemented by a boundary term in order to the variational 
principle to be well-defined. This additional term is known as the York-Gibbons-Hawking actionj^, 


B. Gauge transformations 

We shall propose other solution for this problem. Our strategy will be to preserve the Einstein-Hilbert action as 
in o and see what are the consequences of do it. In order to make = 0 in ([2]), we must consider the condition: 
Gap + uTap = A gap, where A is the cosmological constant. Additionally, we must require that g°'^6Rap = Vq 51T“ = 
5$, so that we obtain the constraint gap 5$ = A6gap, where we have used: g'^^Sgap = —gap6g°‘^. Then, we propose 
the existence of a tensor field 5'^ap, such that 5Rap = A/p5Wa — 5 $gap = — 5 $gap = —kSSoP^, and hence 

5IT“ = g^'^V°‘S'i'p.y, with V“5'I';3.y = — 5“5r^g. Notice that the fields 5Wa and 6~^ap are gauge-invariant under 

transformations: 

- V«5$, S~^ap = 6^ap - 5$ gap, (3) 

where 5$ complies 05$ = 0. This means that exists a family of vector and tensor fields described by m, that are 
related to the Einstein tensor transformations 

Gap — Gap AgaP, ( 4 ) 

and leave invariant the action. The transformed Einstein equations with the equation of motion for the transformed 
gravitational waves, hold 

Gap — riTap, 

□5^a/3 = -KSSap, 

with = 0 and^ 

S^x^) = ^g‘^PSgap. ( 7 ) 

The eq. provides us the Einstein equations with cosmological constant included, and describes the exact 
equation of motion for gravitational waves with an arbitrary physical source 6Sap inside a Gaussian-like hypersurface. 
A very important fact is that the scalar field 5d)(a:“) appears as a scalar flux of the tetra-vector with components 5IE“ 
through the closed hypersurface dM . This arbitrary hypersurface encloses the manifold by down and must be viewed 
as a 3D Gaussian-like hypersurface situated in any region of space-time. This scalar flux is a gravitodynamic potential 
related to the gauge-invariance of 5IT“ and the gravitational waves S'^ap- These waves appear by varying the Ricci 
tensor, as in the case of a flat background. However, in our case this variation is exact and was done in an arbitrary 
background. Other important fact is that since 5$(x“) = j g°‘^6gap, the existence of the Hubble horizon is related 
to the existence of the Gaussian-like hypersurface with an inner source. The variation of the metric tensor must be 
done in a Weylian-like integrable manifoldQ using an auxiliary geometrical scalar field 9, in order to the Einstein 
tensor (and the Einstein equations) can be represented on a Weyl-like manifold, in agreement with the gauge-invariant 
transformations ®. 

In this letter we shall explore the possibility that the variation of the tensor metric must be done in a Weylian-like 
integrable manifold (defined in the next section) using an auxiliary geometrical scalar field a, in order to the Einstein 
tensor (and the Einstein equations) can be represented on a Weyl manifold, in agreement with the gauge-invariant 
transformations We shall study the relativistic quantum dynamics of a by using the fact that A is a relativistic 
invariant. Finally, to illustrate the formalism, we shall work an example of a Reissner-Nordstrom (RN) black-hole in 
order to obtain the dynamic equation for gravitational waves. 


( 5 ) 

( 6 ) 


^ We have introduced the tensor Saf3 = which takes into account matter as a source of the Ricci tensor 

^ This expression is equivalent to ASg^^ = Qa/s 
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II. WEYLIAN-LIKE REPRESENTATION OF THE EINSTEIN TENSOR 


In the sense of the Riemannian geometry, the covariant derivative is null, so that Aga/s = gap-,~i dx^ = 0, where 
we denote with ; the Riemann-covariant derivative. The Weyl geometry^ is a generalization of the Riemannian 
geometry. In this letter we shall consider an alternative proposal to the Weyl covariant derivative, in which the metric 
tensor is also nonzero: gap\'^ = 0,7 5 a/ 3 - Here, the ” jy ” denotes the new Weyl-like covariant derivative with respect 
to the Weyl-like@ connections given by^"* 


-pQ _ 

J-/37 - 


a 


■ 


( 8 ) 


This connections are very similar to the Weyl ones. In both cases the non-metricity in nonzero. The variation of the 
metric tensor in the sense of (|8])®: Sgap^ will be® 


where 


dgoLj3 — 9a(5\^ dx'^ — \p^f39a^ “f 


dx“ \B) = U‘^dS \B) = Sx^^ix^) \B ), 


(9) 


( 10 ) 


is the eigenvalue that results when we apply the operator 5x°‘{x^) on a background quantum state \B), defined on 
the Riemannian manifold®. We shall denote with a ” hat ” the quantities represented on the Riemannian background 
manifold. The Weylian-like line element is given by 


dS"^ 5 bb' = 


dS^ 6 bb' = {B \6xa5x°‘\B'). 


( 11 ) 


Hence, the differential Weylian-like line element dS provides the displacement of the quantum trajectories with respect 
to the ’’classical” (Riemannian) ones. When we displace with parallelism some vector v°‘ on the Weylian-like manifold, 
we obtain 


5v°‘ = gp-^v^ dx'^, 


Sv°‘ 

Is 


= gp'f U'^, 


( 12 ) 


where we have taken into account that the variation of v°‘ on the Riemannian manifold, is zero: Av°‘ = 0. Hence, 
the norm of the vector on the Weylian-like manifold is not conserved: ^ 0. From 

the action’s point of view, the scalar field (t(x“) drives a geometrical displacement from a Riemannian manifold to a 
Weylian-like one, that leaves the action invariant 


I = / d^x 


If we require that bX = 0, we obtain 




v 


= / d'^a 


A. 

2k 


V^e 


R 

2k 




c 


A. 

2k 


c 


— = 2 5(7, 


(13) 


(14) 


where Sa = a^dx^ is an exact differential and V — \/^ is the volume of the Riemannian manifold. Of course, all 
the variations are in the Weylian-like geometrical representation, and assure us gauge invariance because SZ = 0. 


^ To simplify the notation we shall denote aa = cr^a 

^ The connections lO could be generalised to other in which the torsion to be nonzero, but this issue will be studied in a future work. 
^ In what follows we shall denote with a A variations on the Riemann manifold, and with a (5 variations on a Weylian-like manifold. 

® The reader can see using the constraint 0 and |[8ll that = —^dtj. 

^ We can define the operator 




such that and are the creation and destruction operators of space-time, such that | | — k') and e" = 

0'y5 

In our case the background quantum state can be represented in a ordinary Fock space in contrast with LQG, where operators is 
qualitatively different from the standard quantization of gauge fields. 
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A. Gauge-invariant relativistic dynamics on a Weylian-like manifold 

The Ricci tensor in the Weylian-like and Riemann representations can be related by 

Raj3 — Ra/9 “t ^fH lla/3 d” ^fj,^^ 

SO that both representations of the scalar curvature, are related by 

R = i?-3 

The Einstein tensor can be written as 




Gap — Gf^i, + aa-,p + ctqCT^ -1- — g^p 

where we have made use of the fact that the connections are symmetric. 


(15) 


(16) 


(17) 


B. Weylian action and quantum algebra 

Now we consider the expression (|3]), from which we obtain that the invariant A. From the point of view of the 
Riemann manifold A is a constant, but from the point of view of the Weylian-like manifold: A = A(cr, Ua) can be 
considered a functional, given by 


A(cr,cra) = - 


4 1 


(jQCr“ -I- Dcr 


(18) 


Therefore, we can define a geometrical quantum action on the Weylian-like manifold with (1181) 

W = y K{a,aa), (19) 

such that the dynamics of the geometrical field is given by the Euler-Lagrange equations, after imposing 5W = 0: 


5K 

5a 


- V, 


5K 
5a a 


= 0 , 


( 20 ) 


where the variations are defined on the Weylian-like manifold. This means that i5A ^ 0, but AA = 0. Furthermore, 
n“ = = — |cr“ is the geometrical momentum and the dynamics of a describes a free scalar field 


□cr = 0, 

so that the momentum components 11“ comply with the equation 

Van“ = 0. 

If we define the scalar invariant 11^ = 11^11“, we obtain that 

[o-, tf] = ^ {cr„ [a, cr“] -f [a, cr„] cr“} = 0, 

where we have used that aaU°‘ = Uaa°‘, and 

[a{x),a°‘{y)] = 5^') {x - y), [a{x),aa{y)] = iOa 5^'^ {x - y), 


( 21 ) 

( 22 ) 

(23) 

(24) 


with 0“ = hU°‘. Therefore we can define the relativistic invariant 0^ = 0^0“ = Cd“, where C/“ are the 
components of the Riemannian velocities. Additionally, it is possible to define the Hamiltonian operator 


T-L = ( ) CTa - A(ct, CTn 


(25) 


such that the eigenvalues of ’’quantum energy” becomes from Ti, \B) = E \B). Can be demonstrated that 5T-L = 0, so 
that the quantum energy E is a Weylian-like invariant. 
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C. Gravitational waves with Weylian-like variations 


Now we consider the Weylian-like variation of the Ricci tensor: 5Rap- This is given by 

US-^ap =-K-Si^Lap'^ , (26) 

where = VaV“5lE'^-y = Vq, 5Lap = ^ such that C = g°‘^Lap, and we have consid¬ 

ered that SI = oi. On Riemannian hypersurfaces all the field solutions are background solutions, so that we can 
consider that A ( Lap ) =0. In this case we obtain 


'^S'^ap = 2Ka^Lepdxa, (27) 

where dxa = UadS, such that if we rename XaP = finally obtain 

□Xa/3 = 2Ka^Lep Ua, (28) 

which describes the Riemannian dynamics of gravitational waves on a Weylian-like hypersurface®. Notice that the 
source depends on how the relativistic observer is moving on the Riemannian hypersurface, which is determined by 
Ua- A very important fact is that the source in the equation (l28l) depends on the field tr®. The existence of this field 
in the source is intrinsically related to the existence of the scalar flux d), and the cosmological constant A. This can 
be seen by noting that 


5S~ ^ ~ kSS^ 


(29) 


where we have used the constraint SgapR = S^ gap and ([9|). In the next section we shall consider the example of an 
RN black-hole, to obtain gravitational waves. 


III. AN EXAMPLE: RN BLACK HOLE 


We consider a RN black-hole, with mass M = 2GM, and squared electric charge Q®, such that the line element is 
given by 


dS^ 


/(r)dt" - - r® dn\ 

f(r) 


(30) 


where dfl® = sin® 9 d(jP + dO^ is the square differential of solid angle and /(r) = 1 ^ ^, such that M = 2GM 

{M is the mass of the charged black-hole), M® > (2(5)® and Q = The horizon radius is given by 



In this case the Lagrangian density is given by[i3| 

1 


£ = 


2/(r) I 


E.E -V(j){r).V<i)(r) 


2r®(r^ 


I 

rM -L (5®) 



M®' 


(31) 


(32) 


® It is possible to show that exists a Weylian-like dynamics of a given by the Euler-Lagrange equation ^ — Va = 0^ such that Va 

denotes the Weylian-like covariant derivative. Can be demonstrated that the solutions of cr in the Weylian-like gauge can be expressed 
in terms of a Fourier expansion of travelling waves that moves with light velocity. This means that the solution of must be 

written as a superposition of travelling waves in the Weylian-like manifold. 
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where \E\'^ = ^ is the electric field due the the charge Q and 4>{r) = the gravitational potential due to the mass 
M of the black hole described by the line element ([30|) . Therefore, the tensor density Lq -/3 is given by 


LcyR — 


1 


so that the equation for gravitational waves holds 


9af3 




E.E-V(j){r).V(j){r) 


E.E -V(l){r).V(l){r) 


U^. 


By multiplying with 5 “^, we obtain 


□x = 


2 [fir)] 


3/2 


CTO 




= 4 


, dd) 
dS' 


where 






(33) 


(34) 


(35) 


(36) 


In order to solve the equation m, we can make separation of variables: akim T]^{t) 1)^(0, cf)) Rkiir). After making 
uj = kc (we use c = 1 )^°, we obtain the solutions 


Tfe(t) = e 


C t 


V 4tt{ 1 + m) 


(37) 

(38) 


„ikr 


R^i{r) = -Cl 2 r - M - J - 4 Q 2 M - 2 r - d- 4 Q 2 


X Rc 


2ifcv'M2 -4Q^ai,/3i,2MA:V^^ -4Q^7 i, 

B 


^ M - 4Q2 

r-T- 2 — 


2r- M+ y/M^ - 4 Q 2 
2y/M^ - 4Q2 

c 


2r-M + a/M2 - 4Q2 


X Rc 


2i/cA/M2 -4Q^-ai,/3i,2Mfc^/M2 -4Q^7 i 


2r-M+ y/M^ - 4 g 2 
2v'M2 - 4Q2 


(39) 


Here, u and k are respectively the frequency and the wavenumber in the coordinated system. 
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where He are the confluent Heun functions, (C'i,C' 2 ) are constants and 

- 4Q2 + AQ^k^M'^ (2 - _ 2M*k'^ + - AQ'^M^k^ + - 4Q= 


A = 


B = 


C = 


«! 


1 1/2 


4Q2 - + 7^2 - 4Q2 


2VM2 - 4Q2 

AQ'^k^M^ (^2-^ - -4;2i^ 2M4fc2 - - AQ^M^k'^ + - 4Q2 


(40) 


11/2 


2(4Q2 - M2) 


4Q2 _ m2 + VM2 - 4Q2 


AQ^k^M^ + \/l -4;^^ - 2M-‘fc2 ^M2 - AQ^M^k^ + M^ - 4Q2 


11/2 


2(4Q2 - M2) 

AQ^k^M^ (2- -^A- yJl-A^'^ - 2M^fc2 ^m2 aQ^M^P + - 4 Q^ 


1/2 


/3i = - 


71 = 


Vm 2 - 4g2 

AQ^k'^M^ (^2--^ + y^l -4^^ - 2M-‘fc2 - AQ'^ 


1/2 


Vm 2 - 4g2 

-AQ^ -AQ^k'^M^ U-2,^ - 2^I - A^\ +2M^k'^ M - \J4 - 4^] + ?,Q'^l{l + 1) - 2M'^l{l + 1) 


2(M2 - 4g2) 


(41) 

(42) 

(43) 

(44) 

(45) 


Therefore, the radial function Rki{r) can be written as Rki{r) = Rkiir). 

We can make the Fourier expansion of the geometric scalar field, cr, in spherical coordinates 


roo 

a{f,t)= / dk'^lAkimCrkifnir,*) + Ali^ali^{r,t) 

■'o Im ^ 


(46) 


where J2im — ^ ™ are respectively the wave-numbers related to the coordinates r, 9 and (p, and 

<Jkim{r,t) =k'^ Rkiir) Y)m(6>, (/))e*'"°‘. (47) 

Here, Yi^iO, (p) are the spherical harmonics and PimicosO) are the Legendre polynomial. Furthermore, the annihilation 
and creation operators obey the algebra 


4^klm, AI.,1,^, — 6^^\k k')5u'5mm', [Akim, Ak'V ra'] — 


(48) 


\y/fp) ’ 

[(T(t, r), 9°(T(t, F')] = —ihU^ — F), 


In this example we shall consider that [/“ = ( —H=, 0,0, 0 ), so that from eq. (l24l) . we obtain that at equal times 

(49) 


so that we obtain that Akim = -(jWjm \Jd^^^kim = ^jpj = (TkimirA)- Hence, in order to 
the commutator ((4^ to be fulfilled, we must require that 


Rkiir)RUr') + Rkiir')Rli{r) = ch. 


(50) 


The expression (1501) give us the normalization condition for the modes of the Fourier expansion in any charged black- 
hole. The case where the charge Q is null, describes a Schwarzschild black-hole as a particular solution the case here 
studied. 
















































A. Schwarzschild black-hole’s change of entropy 


A particular case of interest is that of Q = 0- Making use of the fact that SW = 0, we can obtain the relationship 
between the scalar flux and the change of area 5A of the black-hole 


( 5 $ 

Is 




(51) 


where ^ = 2^^5rg, ^ = =69^'^ >0, and the square of the radius between the final Vg and the initial 

Schwarzschild radius fg is related with the change of area and the scalar flux $, and the change of the mass’s black 
hole: 5A = ^SM by the Bekenstein-Hawking ’s law(Tlj|. Moreover, using the fact that 6W = 0, and da = — we 
obtain that the change of volume of the Weylian-like manifold (the black-hole’s increase of volume), with respect to 
the Riemannian one \/—g, is 


V = = Ve^, (52) 

where AS'^ > 0. This means that V > y/—g, for > 0, A > 0 and cr < 0. Therefore, we require a metric’s signature 
(—,-b,-b,-b) in order for the cosmological constant to be positive and a metric’s signature (-b,—,—,—) in order to 
have A < 0. 


IV. FINAL COMMENTS 


We have introduced Relativistic Quantum Geometry, which is a different approach to study the relativistic quantum 
structure of spacetime. In some way our approach is in the spirit of the Isham-Butterfield’s one[l^. but we have 
incorporated the relativistic invariants in the quantum aspects of the theory. The dynamics of quantum spacetime 
is described by cr. This is a scalar field that drives a geometrical displacement from a Riemannian manifold to a 
Weylian-like one, that leaves the action invariant. Furthermore, a always can be quantized because it is a free scalar 
field. Other important fact is that the quantum algebra of [a{x),a^{y)] = — y) is relativistic in nature, 

because = hP'U^U^ is a relativistic invariant. Due to this fact the commutators depend of how is moving the 

relativistic obse rver. In the example here studied, the observer is static with respect to the RN black-hole, so that 
^0 = I/\//(r), and therefore one obtains [a{x),a°{y)] = —i—^=5^'^\x — y). However, if one were studied some 

example where the observer is moving with respect to the source, the commutation relationship have been different. 
Furthermore, we have obtained the expression (I52p that describes how changes the volume of the quantum manifold 
due to the scalar flux $. This result can be applied to cosmology to obtain a justification for the decrease of A with 
the expansion of the universe. It is important to notice that A is a Riemannian constant (AA = 0), but variate in the 
Weylian-like manifold {5K ^ 0). 
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